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An exact solution of the lock-exchange problem for a two-layer shallow-water system
of Boussinesq fluids is obtained using the method of characteristics in combination
with analytic expressions for the Riemann invariants of the underlying system of two
hyperbolic differential equations. The multivaluedness and instability of the simple-wave
solution gives rise to a number of hydraulic jumps which are resolved by imposing the
conservation of mass and momentum. The respective Rankine-Hugoniot jump conditions
contain a free parameter α which defines the relative contribution of each layer to the
interfacial pressure gradient in the generalised shallow-water momentum conservation
equation. We consider the solution produced by α = 0, which corresponds to both layers
affecting the interfacial pressure gradient with equal weight coefficients. This solution is
compared with the solutions resulting from the application of the classical Benjamin’s
front condition as well as the circulation conservation condition, which correspond to
α = −1 and α → ∞. We also consider an alternative formulation of the problem where
the initial quiescent state is substituted by a gravity current of certain critical depth
which depends on α and may form due to the instability of the original gravity current
of a larger depth. The resulting gravity current speed agrees well with experimental and
numerical results when the front is assumed to collapse to the largest stable height which
is produced by α =
√
5− 2.
1. Introduction
Although inertia-dominated fluid flows tend to be very complex, especially in the
presence of a free surface or interface, there are certain hydrodynamic problems of this
type which can be solved analytically. A well-known example is the classic dam-break
problem (Stoker 1958; Johnson 1997) in which an instantaneous collapse of the reservoir
wall causes a mass of water to be driven by gravity over a horizontal or sloped ground.
This problem was originally solved by Barré de Saint-Venant (1871) and then shortly
afterwards in a more complete form by Ritter (1892) using shallow-water approximation
and the method of characteristics.
There is an analogous problem for a stably-stratified two-layer system – the lock-
exachange problem – where a heavier fluid in a horizontal channel is initially separated
by a vertical lock from a lighter fluid on the other side. When the lock gate is rapidly
removed, the difference in hydrostatic pressure causes the heavier fluid to intrude along
the bottom into the lighter fluid which in turn is forced to flow back at the top. Such flows
produced by lock exchange, which are commonly referred to as gravity currents, have
extensively been studied experimentally due to their occurrence in various natural and
artificial environments (Simpson & Britter 1979; Klemp et al. 1994; Shin et al. 2004).
If the heavier fluid is covered by a much a lighter ambient fluid, the lock-exchange
problem reduces to that of the dam-break. Likewise, the two-layer problem reduces to
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that of single layer when the bottom layer is much thinner than the upper layer which in
this case just modifies the effective value of gravity (Stoker 1958). Although the two-layer
problem becomes mathematically equivalent to that of single layer in this limit, the actual
flows have substantial differences. Namely, the heavy fluid is observed to form a bore,
i.e. a finite-height front, as it propagates along the bottom into the lighter fluid whereas
the ideal dam-break solution predicts just a thin front edge (Abbott 1961). This has led
to a common belief that shallow-water equations for a two-layer system are inherently
incomplete and unable to describe such internal bores without external closure relations
which have to be deduced by dimensional arguments (Abbott 1961) or derived using
various semi-empirical and approximate integral models (Baines 1995).
For fluids with nearly equal densities, which can be described using Boussinesq approx-
imation (Long 1965), shallow-water equations for the two-layer system bounded by a rigid
lid become identical with the single-layer equations when both are cast in the canonical
form using Riemann invariants (Ovsyannikov 1979). This fact has led to suggestions that
the lock-exchange problem for Boussinesq fluids might be mathematically equivalent
to the single-layer dam-break problem (Chumakova et al. 2009). Esler & Pearce (2011)
argue that this equivalence is limited by different physical variables in the two-layer
problem mapping to the same Riemann invariants which makes the inverse mapping non-
unique and results in the lock-exchange flows which have no dam-break counterparts. On
the other hand, the lock-exchange problem for Boussinesq fluids is solvable analytically
using the hydrostatic shallow-water approximation and the method of characteristics like
the dam-break problem. This, however, has not been realized until now, and it is the aim
of the present paper to fill this gap by providing a comprehensive analytical solution of
this rather generic hydrodynamic problem.
Various hydraulic-type models (Benjamin 1968; Huppert & Simpson 1980; Rottman & Simpson
1983; Shin et al. 2004) and approximate ad hoc solutions (Keller & Chyou 1991;
Lowe et al. 2005) have been proposed for the lock-exchange problem. So far only a
numerical solution of this problem has been carried out by Klemp et al. (1994) using
a characteristics-type of approach suggested by Rottman & Simpson (1983). A more
direct numerical solution of the lock exchange problem has been attempted by Ungarish
(2009, Sec. 2.4) using a non-conservative from of two-layer shallow-water equations.
This approach, however, is not adequate for discontinuous solutions which occur in
the lock-exchange problem (Whitham 1974, Sec. 2.7). Milewski & Tabak (2015) use
two-layer shallow-water conservation laws for circulation and energy, and a rather
advanced finite-volume scheme for numerical modelling of the lock-exchange problem
with entrainment. They also consider an analytical solution to the lock-exchange problem
with the conservation of either mass or energy besides that of circulation. However,
their approach differs from the standard simple-wave method (Whitham 1974, Sec. 6.8)
pursued in this study. Recently, the lock-exchange problem for Boussinesq fluids was
solved numerically by Esler & Pearce (2011) using a higher-order weakly non-hydrostatic
shallow water approximation in which dispersion prevents the formation of sharp wave
fronts. The analytical solution obtained by Hogg (2006) using the hodograph transform
and the concept of reduced gravity is effectively a single-layer solution and thus limited
to large density differences as discussed above.
The paper is organized as follows. In the next section, we formulate the problem and
introduce the mathematical model based on the locally conservative generalized momen-
tum equation for a two-layer shallow-water system in the Boussinesq approximation.
In section §3, an analytical solution is derived using the method of characteristics for
simple waves. An alternative formulation of the lock exchange problem with a modified
initial state and the respective analytical solution are presented in section §4. In section
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Figure 1. Sketch of the initial state of the lock-exchange problem.
§5, the original lock exchange problem is solved numerically by using a composite Lax-
Wendroff/Lax-Friedrichs scheme to integrate the respective locally conservative shallow-
water equations. The paper is concluded with a summary and discussion of the main
results in section §6.
2. Formulation of problem
Consider a horizontal channel of constant height H bounded by two parallel solid walls
and filled with two inviscid immiscible fluids subject to a downward gravity force with
the free fall acceleration g. Initially, a layer of heavier fluid of density ρ+ and uniform
depth h+ is overlaid by a lighter fluid of density ρ− and separated by a vertical lock
from the same lighter fluid on the right. An instantaneous release of the lock leads to the
penetration of the heavier fluid along the bottom into the lighter fluid which, in turn, is
driven in the opposite direction at the top.
In the first-order shallow-water approximation, the fluid flow is assumed to be pre-
dominantly horizontal and to have a negligible effect on the vertical pressure distribution
which is thus purely hydrostatic:
p±(x, z, t) = Π(x, t)− ρ±g(z − h(x, t)).
The plus and minus indices refer to the bottom and top layers, respectively, andΠ(x, t) =
p±(x, z, t)|z=h is the pressure distribution along the interface. Substituting this pressure
distribution into the inviscid fluid flow (Euler) equation for the horizontal velocity
component u± in each layer yields the first shallow-water equation, while the second
equation follows from the conservation of mass in each layer (Pedlosky 1979)
ρ(ut + uux ± ghx) = −Πx, (2.1)
ht − (uh)x = 0. (2.2)
The subscripts t and x stand for partial derivatives and the plus and minus signs refer to
the bottom and top layers; the plus and minus indices at ρ, u, and h have been dropped
for the sake of brevity.
The system of four shallow-water equations (2.1,2.2) contains five unknowns, u±, h±
and Π, and is closed by adding the fixed height constraint {h} ≡ h+ + h− = H, which
can be used to eliminate the top layer depth h− = H−h+. Henceforth, the curly brackets
denote the sum of the enclosed quantities.
Two more unknowns can be eliminated as follows. First, adding the mass conservation
equations for both layers together and using {h}t ≡ 0, we obtain {uh} = Φ(t), which is
4 G. Politis, J. Priede
the total flow rate. The channel is assumed to be laterally closed which means Φ ≡ 0 and
thus u−h− = −u+h+. Second, the pressure gradient Πx can be eliminated by subtracting
(2.1) for the top layer from that for the bottom layer. This leaves only two unknowns,
U ≡ u+h+ and h = h+, and two equations, which can be written in a locally conservative
form as
({ρ/h}U)t +
(
1
2
[
ρ/h2
]
U2 + g[ρ]h
)
x
= 0, (2.3)
ht + Ux = 0. (2.4)
The square brackets above denote the difference of the enclosed quantities between the
bottom and top layers: [f ] ≡ f+ − f−.
In the following, the density difference is assumed to be small. According to the
Boussinesq approximation, this difference is important only for the gravity of fluids,
which drives the flow, but has a negligible effect on the inertia of fluids. The problem is
simplified further by using the total height H and the characteristic gravity wave speed
C =
√
2Hg[ρ]/{ρ} as the length and velocity scales, and H/C as the time scale.
Then equations (2.3,2.4) take a remarkably symmetric form (Milewski & Tabak 2015)
ϑt +
1
2
(η(1 − ϑ2))x = 0, (2.5)
ηt +
1
2
(ϑ(1 − η2))x = 0, (2.6)
where η = [h] and ϑ = [u] are the dimensionless depth and velocity differentials between
the top and bottom layers. Subsequently, the former is referred to as the interface height
and the latter as the shear velocity. The momentum and energy equations
(ηϑ)t +
1
4
(η2 + ϑ2 − 3η2ϑ2)x = 0, (2.7)
(η2 + ϑ2 − η2ϑ2)t + (ηϑ(1 − η2)(1− ϑ2))x = 0, (2.8)
are obtained by multiplying (2.5) with η and η2ϑ, respectively, and then using (2.6) to
convert to locally conservative form. An infinite sequence of further conservation laws can
be constructed in a similar way (Milewski & Tabak 2015). The generalized momentum
conservation equation can be written as the sum of (2.7) and (2.5) multiplied with an
arbitrary constant α :
((η + α)ϑ)t +
1
4
(η2 + ϑ2 − 3η2ϑ2 + 2αη(1− ϑ2))x = 0, (2.9)
where α defines the relative contribution of each layer to the pressure gradient along the
interface and is expected to depend only on the density ratio (Priede 2020). For nearly
equal densities, symmetry considerations suggest α ≈ 0, which corresponds to both
layers affecting the pressure at the interface with the same weight coefficients. In order
to compare with other models, we shall use general α for analytical solution and then
consider three particular values, α = 0,∞,−1. The first two correspond, respectively, to
the momentum and circulation conservation laws (2.7) and (2.5), whereas the third one
reproduces the classical front condition for gravity currents obtained by Benjamin (1968)
as well as its generalization to internal bores by Klemp et al. (1997). The alternative front
condition for internal bores proposed by Wood & Simpson (1984) is reproduced by α = 1
but not used here as it is not applicable to the gravity currents which feature in the lock
exchange flow.
Equations (2.5) and (2.6) can also be written in the canonical form as
R±t − λ±R±x = 0 (2.10)
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using the characteristic velocities
λ± =
3
4
R± +
1
4
R∓ (2.11)
and the Riemann invariants (Long 1956; Cavanie 1969; Ovsyannikov 1979; Sandstrom & Quon
1993; Baines 1995; Esler & Pearce 2011)
R± = −ηϑ±
√
(1− η2)(1− ϑ2), (2.12)
which are the constants of integration (implicit solutions) of the characteristic form of
(2.5) and (2.6):
dϑ
dη
= ∓
√
1− ϑ2
1− η2 . (2.13)
For the interface confined between the top and bottom boundaries, which corresponds
to η2 6 1, the characteristic velocities are real and thus the equations are of hyperbolic
type provided that ϑ2 6 1. The latter constraint on the shear velocity is required for
the stability of interface which would be otherwise disrupted by the long-wave Kelvin-
Helmholtz instability (Milewski et al. 2004).
Integrating (2.9) and (2.6) across a discontinuity at x = ξ(t) where η and ϑ have
jumps JηK ≡ η+ − η− and JϑK ≡ ϑ+ − ϑ− with the plus and minus subscripts denoting
the respective quantities in the front and back of the jump and the double-square
brackets standing for the differentials of the enclosed quantities across the jump, the
jump propagation velocity can be expressed as
ξ˙ =
1
4
q
ϑ2(1− 2η2) + η(η + 2α)(1− ϑ2)y
J(η + α)ϑK , (2.14)
ξ˙ =
1
2
q
ϑ(1 − η2)y
JηK . (2.15)
As for a single layer, the jump conditions above consist of two equations and contain
five unknowns, η±, ϑ± and ξ˙. It means that two unknown parameters can be determined
when the other three are known. Additional constraint on the feasible hydraulic jumps
follows from (2.8) and the associated energy balance across the jump:
q
ηϑ(1 − η2)(1 − ϑ2)y− ξ˙ qη2 + ϑ2 − η2ϑ2y = ε˙ 6 0, (2.16)
which cannot be positive as the mechanical energy can only be dissipated but not
generated in hydraulic jumps.
3. Analytical solution using a simple-wave method
In this section, the lock-exchange problem will be solved analytically using the simple-
wave method (Whitham 1974) in combination with the Riemann invariants (2.12) and
characteristic velocities (2.11). The solution is facilitated by the following substitutions:
η = sin θ and ϑ = sinφ, where θ and φ the angular variables. In the new variables, the
Riemann invariants and the associated characteristic read as
r± = ± arccosR± = φ± θ, (3.1)
λ± = ±3
4
cos r± ∓ 1
4
cos r∓. (3.2)
The simple-wave method is applicable to disturbances which propagate into an initially
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Figure 2. The C+ and C− characteristics in the downstream (x > 0) (a) and upstream
(x < 0) (b) regions for a partial lock exchange with η0 = cos θ0 < 1.
homogeneous state. In this problem, there are two such states: one on the right from the
lock (x > 0) with the interface located at the bottom (η = −1) and a second on the left
(x < 0) with the interface located at η = η0. Subsequently, these states will be referred
to as the downstream and upstream states which corresponds to the flow direction of the
heavier fluid.
Let us start with the downstream region, which is completely filled with the lighter
fluid, and consider disturbances propagating from the lock along the C+ characteristics
into this uniform state where (η, ϑ) = (−1, 0) and, respectively, (θ, φ) = (−pi
2
, 0). Then
the Riemann invariant along the C− characteristics which originate from this state is
r− = φ − θ = pi
2
. Along the C+ characteristics, which propagate from the lock into this
state, we have
r+ = φ+ θ =
pi
2
+ 2θ,
and hence
λ+ = −3
4
sin 2θ =
dx
dt
. (3.3)
Since not only r+ but also r− are invariant along C+, owing to (3.2) the same holds also
for λ+. Then (3.3) can be integrated to obtain λ+ = xt , which defines the C
+ character-
istics as straight lines emanating from the origin of (x, t) plane. This straightforwardly
leads to the solution which can be written in the parametric form as
x
t
= −3
4
sin 2θ, (3.4)
η+ = sin θ, (3.5)
ϑ+ = cos θ. (3.6)
The slope of the C− characteristics, which can be expressed as
λ− = −1
4
sin 2θ =
1
3
λ+, (3.7)
varies along these characteristics as they cross the C+ characteristics. At θ = 0, the
slopes of both families of characteristics become equal to each other: λ+ = λ− = 0. It
means that the region where both families of characteristics intersect, and thus (3.5) and
(3.6) are applicable, is limited to −pi
2
6 θ 6 0. Equation (3.7) written in terms of x and
t takes the form dxdt =
1
3
x
t and defines the C
− characteristics above the rightmost C+
characteristic, i.e. for x > 3
4
t. The respective general solution is x(t) = ct1/3, where the
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unknown constant c can be determined by matching this solution with x(t) = constant
for 0 6 x 6 3
4
t which corresponds to λ± = 0 for the undisturbed downstream state. Both
families of characteristics for the downstream region are shown in figure 2(a).
For the full lock exchange (η0 = 1), the problem is centrally symmetric which means
that (3.5-3.6) apply also for x < 0. As seen in figure 3(b), the respective interface height
η(x/t) is double valued which implies the presence of jumps in the actual solution.
Let us first consider x > 0 and find the jump connecting (3.5,3.6) with the downstream
state where η+ = −1 and ϑ+ = 0. Substituting these values into the jump condition
(2.14), after a few rearrangements we obtain
ϑ2 = 1− 2(1− α)η
η2 + 2(η + α)− 1 , (3.8)
while (3.5) and (3.6) yield ϑ2 = 1−η2. There are only two possible interface heights, η =
−1 and η = 0, which satisfy both equations. The former corresponds to the continuous
double-valued solution whereas the latter corresponds a jump which spans the lower
half of the channel. The possible shear velocities defined by (3.8) and the respective
propagation speeds for the jump are ϑ = ±1 and ξ˙ = 1
2
(1− η)ϑ = ± 1
2
. Only the positive
solution, which describes a jump propagating downstream, satisfies the energy dissipation
constraint (2.16). For the full lock exchange, there is a centrally symmetric upstream
jump at x < 0 which spans the upper half of the channel from η = 0 to η = 1 and moves
at the velocity ξ˙ = − 1
2
to the left (see figure 3b). This exact solution coincides with
that assumed by Yih & Guha (1955) but differs from the numerical solution obtained
by Klemp et al. (1994) which will be considered later in connection with the possible
instability of deep gravity currents (Priede 2020).
Now let us consider a partial lock exchange with the upstream interface height η0 =
sin(pi
2
− θ0) where 0 6 θ0 6 pi. This initial state with η = η0 and ϑ = 0 corresponds to
θ = pi
2
− θ0 and φ = 0 and, respectively,
r+ = θ + φ =
pi
2
− θ0
which yields φ = pi
2
− θ0 − θ. Then the Riemann invariant associated with the C−
characteristics, which extend upstream from the lock, can be written as
r− = φ− θ = pi
2
− θ0 − 2θ.
The respective characteristic velocity (3.2),
λ− = −3
4
sin(θ0 + 2θ) +
1
4
sin θ0,
is constant along C− which means that these characteristics are straight lines with the
slope λ− = xt . Hence, the solution takes the following parametric form:
x
t
= −3
4
sin(2θ + θ0) +
1
4
sin θ0, (3.9)
η− = sin θ, (3.10)
ϑ− = cos(θ + θ0). (3.11)
To determine the range of applicability of this solution, we need to consider also the
C+ characteristics. The slope of these characteristics varies on intersecting the C−
characteristics as
λ+ =
3
4
sin θ0 − 1
4
sin(2θ + θ0) =
1
3
λ− +
2
3
sin θ0. (3.12)
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In this case, both families of characteristics become parallel to each other at θ = −θ0
where λ− = λ+ = sin θ0 > 0. Consequently, the solution (3.9-3.11) is limited to −θ0 6
θ 6 pi
2
− θ0. The C+ characteristics are defined by (3.12), which in terms of x and t reads
as
dx
dt
=
1
3
x
t
+
2
3
sin θ0.
The general solution of this equation is x(t) = ct1/3+t sin θ0, where the unknown constant
c can be determined by matching with the solution for the undisturbed upstream state
x(t) = x0 +
1
2
t sin θ0, which holds below the leftmost C
−characteristic defined by
x
t
6 minλ− =
1
3
sin θ0 − 4
3
.
Both families of characteristics for the upstream region are shown in figure 2(b).
Downstream from from the lock (x > 0), where the initial state is the same as for the
full lock exchange, the solution remains defined by (3.4-3.6), which hold for −pi
2
6 θ < 0.
Note that for θ0 > 0, the solution (3.9-3.11) extends downstream from the lock up to
x
t = sin θ0, which corresponds to θ = −θ0 in (3.9). Thus, this solution overlaps with
(3.4-3.6) in the sector 0 6 xt 6 sin θ0 where both solutions are expected to be connected
by a jump.
Let us first consider the jump connecting the upstream state η = η0 and ϑ = 0 with
(3.9-3.11). Using the jump conditions (2.14,2.15) and (3.10,3.11), we obtain:
ϑ2 =
(η0 − η)2(η0 + η + 2α)
(1− η2)(η0 − η) + 2(η + α)(1 − η0η) =
(
η0
√
1− η2 − η
√
1− η20
)2
. (3.13)
The equation above has only two roots: η = η0 and η = 0. As for the full lock exchange,
the first root corresponds to the continuous solution, which is double valued if η0 > 0,
while the second root describes a jump from the channel mid-height η = 0 to η = η0. The
shear velocity behind this jump defined by (3.13) is ϑ = η0. The respective front velocity
ξ˙ = − 1
2
ϑ
η0
= − 1
2
, which follows from (2.15), is independent of η0. As shown later, this
solution holds for η0 > 0.
In the downstream direction, the uniform state behind this jump (η, ϑ) = (0, η0)
connects with (3.9-3.11) at the point θ = 0, which according to (3.9) moves at the
velocity xt = − 12 sin θ0 6 − 12 , i.e. not faster than the jump upstream from it. For larger
x/t, the interface, which is defined parametrically by (3.9,3.10), descents below the mid-
height η = 0. This solution can be connected with the solution downstream from the lock
which, as noted above, is the same as that for the full lock exchange: η+ = 0 and ϑ+ = 1.
With this front state, the jump conditions (2.14,2.15) yield the following relationship
between ϑ− = ϑ1 and η− = η1 behind the jump:
ϑ1 =
(2α+ η1)(1 − η21)
2α+ η1(1 + η21)
.
Substituting (3.10,3.11) into this equation, we obtain
ϑ1 = cos(θ1 + θ0) =
(2α+ sin θ1)(1 − sin2 θ1)
2α+ sin θ1(1 + sin
2 θ1)
, (3.14)
which relates θ1 behind the jump with θ0 = arccosη0 defined by the state upstream of
the lock. This equation can be solved analytically for θ0 in terms of θ1 or other way round
numerically. Analytical solutions for the interface height behind the jump, η1 = sin θ1,
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Figure 3. The interface height η1, the velocity of propagation ξ˙1 of the trailing head-block
jump and the characteristic velocity λ− at η = η1 versus the upstream interface height η0 (a);
interface height versus the similarity variable x/t for the full lock exchange: η0 = 1 (b) and
partial lock exchange: ηc < η0 < 1, where ηc = 0.099 is defined by (3.15).
and its propagation velocity
ξ˙1 = −η1(3− η
2
1)
2(1 + η21)
are plotted in figure 3(a) against η0 together the characteristic velocity λ
−(η1). The
last quantity can be seen in figure 3(c) to define the upstream limiting point of the flat
depressed interface region which forms behind the head block as its trailing edge advances
at a supercritical velocity ξ˙1 > λ
−(η1). It is important to note that such a backward-
step jump is admitted by the energy dissipation constraint for α = 0,−1,∞ but not for
α =
√
5− 2 which is considered later.
As seen in figure 3(a), ξ˙1 increases with decreasing η0 and attains the velocity of the
leading edge ξ˙ = 0.5 at
ηc ≈ 0.351, 0.099, 0 for α = 0,−1,∞. (3.15)
At this critical point, both edges merge and thus the head block vanishes. It means that
for η0 6 ηc, the solution (3.9-3.11) has to connect directly to the quiescent downstream
state with η+ = −1 and ϑ+ = 0. Then the interface height and shear velocity behind the
jump are related by (3.8). Combining this relation with (3.10,3.11) we obtain
ϑ1 = cos(θ1 + θ0) =
cos θ1√
cos2 θ1 − 2 sin θ1
, (3.16)
which is analogous to (3.14).
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Figure 4. Interface height and the velocity of propagation of the leading jump (a) and the
overall interface shape for partial lock exchange with 0 6 η0 6 0.351 (b) and η0 6 0 (c).
Parameters of the downstream jump resulting from the solution of this equation are
plotted in figure 4(a) with the overall interface height versus the similarity variable x/t
shown in figures 4(b,c). As seen, there are two different interface configurations possible in
this case. The first configuration, which is shown in figure 4(b), corresponds to 0 6 η0 6 ηc
and features an upstream jump from η0 to the mid-height η = 0 as for the case with head
block. The second configuration, which is shown in figure 4(c), corresponds to η0 6 0 and
has no upstream jump. In this case, the upstream state connects directly to (3.10,3.11)
at η = η0, which is the other root of (3.13). Also note that for η0 6 0, (3.10,3.11) can
connect directly to the upstream state η = −1 at θ = −pi
2
without a leading jump, as in
the single-layer dam-break case. The following considerations imply that this alternative
solution is inherently unstable with respect to the height perturbation of the leading
edge. Namely, as seen in figure 4(a), a small virtual perturbation creating a non-zero
front height would effectively halt the propagation of the heavier fluid along the bottom
which, in turn, would cause the initial perturbation grow as long as the fluid behind it
moves faster than the front.
For a thin bottom layer with h0 =
1
2
(1 + η0)→ 0, (3.16) can be solved explicitly as
θ1 + pi/2 ≈ (pi − θ0)/(1 + 1/
√
2).
Using this result, we readily recover the known solution for the single-layer dam-break
problem with the reduced gravity and von Karman front condition: ξ˙1 =
√
2h1 and
λ+ = (
√
2− 1)√h1, where h1 = 2(
√
2− 1)2h0 ≈ 0.343h0 is the downstream front height
(Ungarish 2009, Sec. 2.5). As noted above, the finite front height in the two-layer case is
caused by the instability of the sharp edge in the dam-break solution.
To conclude this section let us note that the existence of analytical expressions for
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Figure 5. Interface in the modified lock-exchange flow for various α with the upstream and
downstream gravity current heights fixed to η0 = ±0.2 (a) and with the lowest possible gravity
gravity current height for each α (b).
Riemann invariants used above is advantageous but not crucial as the characteristic
equation (2.13) can also be integrated numerically. In this case, the uniform initial states
downstream and upstream of the lock, ϑ|η=−1 = 0 and ϑ|η=η0 = 0, define boundary
conditions for (2.13). As (2.13) represent two first-order ordinary differential equations
defined respectively by the plus and minus signs at the second term, each equation
requires only one boundary condition. On the other hand, the sign in (2.13) determines
the flow direction and thus it depends on which side from the lock the heavier fluid is
contained. For the configuration assumed in this study with the heavier fluid contained
on the left from the lock, the downstream and upstream boundary conditions apply
to (2.13) with the plus sign and minus signs, respectively. Following the simple-wave
approach, first the downstream and upstream solution branches are found by integrating
(2.13) subject to the relevant boundary conditions and then the jump conditions are
applied to connect these two branches and to eliminate the multivalued parts of the
solution. Such a numerical approach can be used to solve the lock-exchange problem for
non-Boussinesq fluids for which Riemann invariants cannot be found analytically.
4. Lock exchange with a modified initial state
As already noted, the solution obtained in the previous section differs from the numer-
ical solution considered by Klemp et al. (1994). The difference is due to the modified
method of characteristics used by Klemp et al. (1994) who employ Benjamin’s front
condition as a boundary condition for the characteristic equation. In the conventional
approach followed in the previous section, the boundary condition is defined by the
actual downstream state is used to solve the characteristic equation and then the front
condition is applied to eliminate the multi-valued parts of the solution by fitting in
jumps. These two approaches lead to different solutions because they describe different
physical problems. As discussed at the end of previous section, using the front condition
as a boundary condition is equivalent to assuming the downstream state to be a gravity
current rather than a quiescent fluid as in the original lock-exchange problem. Such an
assumption may be justified if the original solution breaks down because of instability or
loss of hyperbolicity. In this case, one can expect a stable gravity current of a lower height
to form as an effective downstream state. Although the height of this gravity current is
not uniquely defined, the problem can still be solved analytically similarly to the original
lock-exchange problem in the previous section.
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Henceforth, the downstream state is assumed to be a gravity current with the interface
height η1 and the shear velocity ϑ1(η1) > 0 defined by (3.8). Then the negative Riemann
invariant (3.1), which is constant along the characteristics propagating upstream from
this uniform state, can be written as
r− = φ− θ = arcsinϑ1(η1)− arcsinη1. (4.1)
Respectively, φ = r− + θ and, thus, the positive Riemann invariant takes the form
r+ = φ+ θ = r− + 2θ.
Since both r− and r+ constant along the C+ characteristics, which propagate into the
downstream state, so is also the respective characteristic velocity (3.2)
λ+ =
3
4
cos r+ − 1
4
cos r−.
Consequently, the solution can be written in the following parametric form
x
t
=
3
4
cos(r− + 2θ)− 1
4
cos r−, (4.2)
η+ = sin θ, (4.3)
ϑ+ = sin(r− + θ), (4.4)
where η > η1 and r
− depends on η1 as defined by (4.1). For the full lock exchange, the
symmetry of the problem implies: {η, ϑ}(−x/t) = {−η, ϑ}(x/t). Then the upstream and
downstream solutions connect at η = 0 without a jump, as shown in figure 5(a), for
η1 = −0.2 and various α. For this type of solution to be possible, the gravity current
cannot propagate slower than the downstream characteristic velocity for that height:
ξ˙(η1) > λ
+(η1), where the latter defines the speed at which the lower point of the sloped
part of the interface moves. This, in turn, implies that the gravity current height η1 cannot
be lower than the critical value ηc which is defined depending on α by ξ˙(ηc) = λ
+(ηc).
As seen in figure 6, ηc coincides with the point at which ξ˙(η1) attains the maximum for
a fixed α provided that α < αc =
√
5 − 2 (Priede 2020). As α exceeds αc, the critical
height ηc switches from the maximum to the minimum of ξ˙. The latter emerges if α > 0
at η = −α and descends towards the maximum with the increase of α. At α = αc, both
stationary points merge into an inflection point and thus the front velocity ξ˙ becomes a
monotonically increasing function of η1. For α > αc, both stationary points re-emerge
with the maximum now located at ηc = −α and the minimum moving back towards the
mid-plane η = 0 which is reached at α = 1
2
.
The considerations above imply that if the initial height of gravity current η1 is lower
than ηc, the fluid beneath the slopped interface would run over the front until its height
reaches ηc for the respective value of α. The highest possible ηc is attained at α =
αc. It is because for α > αc the critical height ηc switches to the local minimum of
ξ˙ but the latter is expected to be unstable as argued originally by Benjamin (1968)
and later also by Baines (2016). Namely, a virtual perturbation that decreases the front
height would increase the front speed. Then the mass conservation would enhance the
initial perturbation and thus cause the gravity current collapse to a lower depth. This
means that ηc = −αc is the highest possible value of ηc. The respective front velocity
ξ˙ = α
1/2
c ≈ 0.486 can be seen in figure 7 to agree very well with the highly accurate
numerical results of Härtel et al. (2000) for the gravity currents generated by the lock
exchange with free-slip boundary conditions whereas other values of α produce noticeable
higher front velocities. With real no-slip boundary conditions, a much higher Reynolds
number seems to be required to achieve this inviscid limit.
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of Härtel et al. (2000) for gravity currents generated by the lock exchange with free-slip and
no-slip boundary conditions. The conversion factor of 1/
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used as the length scale in the definition of Froude number, Fr , by Härtel et al. (2000).
The solution obtained above can easily be extended to partial lock exchange where
the upstream state is a layer of quiescent fluid with the interface located at η = η0. Now
the initial upstream state is assumed to contain a bore with the interface height η1 6 η0
and the shear velocity ϑ1(η0, η2) which is defined by the LHS of (3.13) with η1 standing
instead of η. By the same arguments as before, we find that solution can written as
(3.9,3.10,3.11) with θ0 =
pi
2
− r+, where
r+ = φ+ θ = arcsinϑ1(η0, η1) + arcsinη1 (4.5)
is the positive Riemann invariant corresponding to the assumed upstream bore.
The lowest possible bore height h1 = (1+ η1)/2, which is determined by the respective
characteristic velocity becoming equal with the maximum front velocity for given α, is
plotted in figure 8(a) against the lock height h0 for various α. For α > 0, the energy
dissipation constraint (2.16), which can be written as
ε˙ =
η1 (α− η0)
(
1− η21
)
(η0 − η1) 3
√
2α− η0 − η1
(3η0η21 − η31 + 2α(1− η0η1)− η1 − η0) 3/2
,
admits such upstream bores only for η0 > 2α. This constraint can be relaxed by assuming
α to vary depending on η0 so as to minimize the maximum of front velocity for given
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Figure 9. Interface height in a modified partial lock-exchange flow (a) and the respective
shear velocity (b) for the lock height h0 = (1+η0)/2 = 0.9.
η0. As before, this happens when the maximum of ξ˙ merges with minimum to form a
stationary inflection point at η1 = α > 0. The solution of ∂
2
η1 ξ˙(η0, η1;α)
∣∣∣
η1=α
= 0 that
defines this critical point, which can be found analytically but not presented here because
of its complexity, can be seen in figure 8(a).
As for the full lock exchange, the upstream and downstream solutions connect without
jump at the point of equal shear velocities ϑ+ = ϑ− (see figure 9), which yields θ2 =
(r+ − r−)/2 with the Riemann invariants defined by (4.1,4.5). The respective interface
height h2 = (1+ η2)/2, where η2 = sin((r
+ − r−)/2), is plotted in figure 8(a) against the
lock height h0.
The above solution holds only for sufficiently high locks which produce intermediate
interface height η2 not lower than the downstream front height η3 for given α. For lower
locks, the upstream solution can connect directly to the quiescent downstream state. The
downstream front heights and velocities resulting from the jump condition for various α
are plotted in figure 10 along with the solution of original lock-exchange problem as well
as the relevant numerical and experimental results. The difference between the modified
and original lock-exchange solutions can be seen to be significant only for the fronts of
super-critical height for given α.
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Figure 10. Downstream front height and velocity for various α against the lock height:
comparison of modified and original lock-exchange solutions with numerical results of
Klemp et al. (1994) (KRS), Härtel et al. (2000) (HMN) and experimental results of Keulegan
(1958). The abrupt variation of the front height in the original lock-exchange solution is due to
the disappearance of the head block at the critical upstream interface height (3.15).
5. Numerical solution of conservative shallow-water equations
In this section, we verify the analytical solution obtained in §3 by solving the ideal lock-
exchange problem numerically using the shallow-water mass and generalized momentum
conservation equations (2.6,2.9) and the LWLF4 composite scheme in which three steps of
Lax-Wendroff scheme are followed by a step of Lax-Friedrichs scheme (Liska & Wendroff
1998). This composition significantly reduces numerical oscillations around the jumps,
which are typical to the Lax-Wendroff scheme, without introducing excessive numerical
diffusion which is typical to the Lax-Friedrichs scheme. The generalized momentum
equation (2.9) is solved for α = 0,−1, 1010, where the last value effectively reduces the
momentum conservation equation to the circulation conservation equation (2.5) which is
formally recovered when α→∞.
The integration of (2.9) is hindered by the appearance of the product (η+α)ϑ = w as
the dynamical variable which has to be determined along with η in each time step and
then used to calculate the shear velocity as ϑ = w/(η+α). The latter step involving the
division by η+α can produce large numerical errors at points where η happens to be close
to −α which is possible for |α| < 1. Although this numerical uncertainty can formally be
resolved using L’Hôpital’s rule, it was not possible to obtain a stable numerical scheme in
this way. Since this problem does not occur in the circulation conservation equation (2.5)
and the latter is equivalent to the momentum conservation equation at smooth parts of
the interface, the division by zero was avoided by adopting a hybrid approach in which
(2.5) was used at the grid points where |η + α| < ε ≈ 10−3 to find ϑ directly with (2.9)
used elsewhere. This approach was found to produce numerical results in good agreement
with the analytical solution for a range of lock heights (see figure 11).
First, as seen in figure 11(a), the exact solution for the full lock-exchange is reproduced
using equal time and space steps. This is an optimal choice which renders the scheme
marginally stable and ensures that the front advances one full grid step in one time step.
In general, such marginally stable schemes are known to reduce spurious oscillations at
the jumps (Lerat & Peyret 1974). The scheme becomes unstable at larger time steps,
which violate the Courant-Friedrichs-Lewy condition, whereas spurious oscillations arise
at smaller time steps. In both cases, the solution for the full lock-exchange breaks down.
Using the same time step and grid size as for the full lock-exchange, we were able
reproduce the exact solution also for a range of partial lock-exchange flows. The numerical
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Figure 11. Interface height at the time instant t = 1 after opening the lock of height η0 = 1 (a),
0.7 (b), 0.1(c) and −0.1(d) computed using the mass and momentum conservation with α = 0
(filled area), −1 and ∞ numerically solved with the LWLF4 scheme using a time step τ = 10−3
and a spatial step δ = 10−3 (a,b) and τ = 2.5× 10−4, δ = 1.25 × 10−4 (c,d).
solutions for the lock height η0 = 0.7 is shown in figure 11(b) for α = 0,−1,∞ along with
the key features of the analytical solution for α = 0. In this case, spurious oscillations
appear behind the head block because the respective jump advances less than a grid
step per time step. As the head block becomes progressively thinner with lowering η0,
there is a range lock heights 0.1 . η0 . 0.7 for which it was not possible to find a
numerically stable solution. The stable numerical solution that re-emerges at η0 ≈ 0.1
has no elevated head block but just the downstream and upstream jumps. The latter can
be seen in figure 11(c) to be somewhat smoothed out by the numerical diffusion produced
by the Lax-Friedrichs step of the LWLF4 scheme. This upstream jump vanishes when
the lock is lower than channel mid-height (η0 6 0). In this case, numerical solution can
be seen in figure 11(c) to produce a finite front height as predicted by the analytical
solution. In this case also a smooth analytical solution akin to the single-layer dam-break
solution is in principle possible. However, as argued above, such a smooth solution is
unstable and thus unobservable in the two-layer system.
6. Summary and conclusions
In the present paper, we considered a lock-exchange flow which is triggered by rapidly
removing a vertical gate between two fluids of slightly different densities contained in a
horizontal channel bounded by a rigid lid. This causes the heavier fluid to intrude along
the bottom into the lighter fluid which, in turn, is driven in the opposite direction at
the top. Using the method of characteristics and analytic expressions for the Riemann
Lock-exchange problem for Boussinesq fluids revisited 17
invariants of the underlying system of two hyperbolic differential equations, we obtained
a simple-wave solution for this problem. The multivaluedness as well as the instability
of the continuous simple-wave solution was found to result in a number of hydraulic
jumps which were determined by imposing the conservation of mass and momentum.
The respective Rankine-Hugoniot jump conditions contain a free parameter α which
defines the relative contribution of each layer to the pressure gradient along the interface
in the generalised shallow-water momentum conservation equation (Priede 2020). We
considered the solution for α = 0, which corresponds to the interfacial pressure gradient
determined by both layers with equal weight coefficients, along with the solutions for
α = −1 and α → ∞ which reproduce the classic front condition of Klemp et al. (1997)
and the circulation conservation condition of Borden & Meiburg (2013).
For the full lock exchange, which corresponds to the heavier fluid behind the lock
gate occupying the whole channel, the solution does not depend on α and consists of
upstream and downstream gravity currents which span the upper and lower halves of
the channel and propagate at the dimensionless speed (Froude number) equal to 1/2.
This solution coincides with that assumed by Yih & Guha (1955) but differs from the
numerical solution obtained by Klemp et al. (1994) who assume initial state to be a
gravity current rather than a quiescent fluid.
Partial lock exchange with the upstream interface height located above the channel
mid-height was found to generate downstream gravity current featuring an elevated head
block. This type of solution, which resembles that produced by the numerical solution
based on the weakly dispersive approximation (Esler & Pearce 2011), is possible only for
upstream interface heights above a certain minimal height which depends on α. The head
block is connected to the interface depression behind it by a backstep-type jump whose
speed of propagation increases with lowering the upstream interface height until at a
certain critical height depending on α it reaches 1/2, which is the speed of propagation
of the leading gravity current. At this critical point, the head block collapses and the
upstream solution connects directly to the quiescent downstream state. In principle, the
upstream state can connect directly to the quiescent downstream state without the head
block also at larger upstream interface heights which thus admit multiple solutions. The
actual solution, which is expected to be determined by the initial state, is likely to be
sensitive to small disturbances. This is implied by the short initial length of the head
block which thus may strongly be affected by small disturbances. Moreover, the head
block, which is initially very thin, may not adequately be described by the shallow-water
approximation. This may explain why the gravity current heads observed in the lock-
exchange experiments and numerical simulations are not that high as those predicted by
the shallow-water solution.
Another reason behind this difference may be the possible instability of deep gravity
currents which is implied by the decrease of the velocity of propagation with the depth
of gravity current when the latter exceeds a certain critical value depending on α. The
fronts of such supercritical gravity currents are expected to collapse to a lower height
corresponding to the maximal velocity of propagation for given α. The collapse of unstable
front can break the dependence of solution on the initial conditions and thus to lead to
a new initial state which contains a gravity current of lower depth. This assumption
underlies the alternative formulation of the lock exchange problem considered in this
paper. Although the new front height is not uniquely defined, the problem is still solvable
analytically using the method of characteristics. The resulting gravity current speed can
noticeably exceed 1
2
, especially when the conservation of circulation with α → ∞ or
the momentum conservation with α = −1 are assumed. This result is at odds with
experimental observations as well as with numerical simulations which show the front
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speed to be somewhat lower than 1
2
. A much better agreement with highly accurate
numerical results is achieved when the collapse is assumed to stop at the largest possible,
i.e. stable, front height which is produced by α =
√
5 − 2 and yields the front speed
ξ˙ = α1/2 ≈ 0.486. This suggests a dynamical mechanism behind the selection of α which
can be tested by considering analogous numerical solution of the lock-exchange problem
for non-Boussinesq fluids.
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